We consider the non-Hermitian quantum annealing for the one-dimensional Ising spin chain, and for a large number of qubits. We show that the annealing time is significanlty reduced for the non-Hermitian algorithm in comparison with the Hermitian one. We also demonstrate the relation of the non-Hermitian quantum annealing with the superradiance transition in this system.
Introduction
ground state is to be found. Consider the non-Hermitian time-dependent Hamiltonian:H τ (t) = H 0 +H 1 (t/τ),
where [H 0 ,H 1 ] = 0. The evolution of the system is determined by the Schrödinger equation:
i ∂ ∂t |ψ(t) =H τ (t)|ψ(t) .
The initial conditions are imposed as follows: |ψ(0) = |ψ g , where |ψ g is the ground state of the auxiliary non-Hermitian Hamiltonian:H 1 (0)|ψ g = E g |ψ g . At the end of the evolution, the total Hamiltonian,H τ (τ) = H 0 , and the adiabatic theorem guarantees that the final state will be the ground state of H 0 , if the evolution was slow enough. We denote by |ψ n (t) and ψ n (t)| the right and the left instantaneous eigenvectors of the total Hamiltonian:H τ (t)|ψ n (t) = E n (t)|ψ n , ψ n (t)|H τ (t) = ψ n (t)|E n (t). We assume that these eigenvectors form a bi-orthonormal basis, ψ m |ψ n = δ mn [28] . For the non-Hermitian quantum optimization problem, governed by the Hamiltonian (1), the validity of the adiabatic approximation requires,
where "dot" denotes the derivative with respect to the dimensionless time, s = t/τ, and E e is the energy of the first excited state, |ψ e . This restriction is violated near the ground state degeneracy, where complex energy levels cross. The degeneracy is known as the exceptional points (EP), and it is characterized by a coalescence of eigenvalues and their corresponding eigenvectors, as well [29, 30, 31, 32, 33, 34, 35, 36] . Thus, if the gap, ∆ E = min |E e − E g |, is small enough, the time required to pass from the initial state to the final state becomes very large, and the NQA loses its advantage over the thermal annealing.
Description of the model
Consider the time-dependent Hamiltonian,H τ (t) = ∑ kHk (t), wherẽ
/N, and k takes the following discrete values: k = ±1, 2, . . . , ±N/2, N/2 being an even integer. Further, we asuume linear dependence of the functiong(t) on time:
where g and δ are real parameters. The Hamiltonian,H τ (t), describes the NQA for the 1D Ising model in a transverse magnetic field [17] , in the momentum space. The external magnetic field is associated with the parameter, g, and the rate of decay into continuum (sink) is described by the parameter, δ . Let g ≫ 1, then the initial ground state of the total Hamiltonian is determined by the ground state of the auxiliary Hamiltonian,H 1 (0) = J ∑ k (−iδ + (g + iδ )σ z ). At the end of the NQA, one obtains,H τ (τ) = H 0 , where
If the quench is slow enough, the adiabatic theorem guarantees the approach of the ground state of the main Hamiltonian, H 0 , at the end of the computation.
Resolving the eigenvalue problem for the Hamiltonian, H k (t), we obtain
where
θ k being a complex angle. We denote by |u ± (k,t) ( u ± (k,t)|) the right (left) instantaneous eigenvectors of the Hamiltonian H k (t), and by ε ± (k,t) = −ε 0k (t) ± ε k (t) the corresponding (complex) eigenenergies,
For a given value of k, the complex energy levels of the effective non-Hermitian Hamiltonian, H k (t), cross at the EP, which is defined by the condition:g(t c ) = e ±ϕ k . As results, the energy gap vanishes at the EP. The computation yields ϕ kc = tan −1 (δ /g). The system reaches the EP at the moment of time
Note, that the difference between the Hermitian QA and non-Hermitian QA is that, while in the first case the minimal gap occurs for long wavelength modes (k ∼ 1), in the second case the minimal gap shifts to short wavelength modes (k ∼ (N/2π) tan −1 (δ /g)).
In particular, for δ ≫ g we obtain k ∼ N/4. The requirement of the adiabatic theorem (3) can be rewritten in the equivalent form as,
We find
where α = tan −1 (δ /g). Employing these results, one can recast Eq. (14) as,
Thus, for a given value of k, the condition of the adiabaticity can be written as η k ≪ 1. This condition is violated in the vicinity of the EP, defined by the equation, α = ϕ k . In particular, for the Hermitian QA (α = 0), we obtain
Since, η k ≤ η 1 , we find that the adiabatic approximation is valid for all modes, if
For N ≫ 1, we obtain the following estimate of the annealing time,
In the thermodynamic limit (N ≫ 1), one can consider the variable ϕ k as a continuous variable, ϕ. In Fig. 1 , the adiabatic parameter, η, as a function of the angles, ϕ and δ , is presented. One can see the regions of the adiabatic conditions, when η ≪ 1.
Quench dynamics
Since the Hamiltonian of the system is presented by the sum of the independent terms, the total wave functions, |ψ and ψ| , can be written as the product: |ψ = ∏ k |ψ k and ψ| = ∏ k ψ k |. The wave functions, |ψ k and ψ k |, satisfy the Schrödinger equation and its adjoint equation:
Presenting |ψ k (t) as,
and inserting expression (22) into Eq. (21), we obtain
The solution can be written in terms of the parabolic cylinder functions,
(For details see [16] .) In the adiabatic basis formed by the instantaneous eigenvectors of the Hamiltonian H k (t), the wavefunction, |ψ k (t) , can be written as,
From Eqs. (7) and (22) it follows
Then one can show that
satisfies the Schrödinger equation
with the new Hamiltonian
Using the relation, tan
Assume that the evolution begins from the ground state. This implies α k (0) = 1 and β k (0) = 0. Then, the solution of the Eq. (29) can be written as [16] ,
At the end of evolution at t = τ, wheng = 0, we obtain
Since for the non-Hermitian systems the norm of the wave function is not conserved, we define the partial survival probability as [16, 17] ,
The probability of the whole system to stay in the ground state at the end of the evolution is the product:
For long wavelength modes with |ϕ k | ≪ π/4, using the asymptotic formulas for the Weber functions with the large value of its argument, one has [16, 17] 
In the long wavelength approximation, one can take into account only the first mode, ϕ 1 = π/N, and estimate P gs as,
where τ 0 = 2gN 2 /(π 2 J), ν = cosαe −iα τ/τ 0 and κ = (τ/τ 0 ) cos 2 α +(τJ/πg) sin(2α). For the Hermitian QA this yields the Landau-Zener formula [39, 40] P gs = 1 − e −2πτ/τ 0 .
For τ τ 0 we obtain P gs ≈ 1. Thus, the computational time for the Hermitian QA should be of order N 2 . When τ ≪ τ 0 , one can approximate the Gamma function as, |Γ (iν)| ≈ 1/|ν|, and rewrite Eq. (41) as,
where κ 0 = (τJ/πg) sin(2α). Assuming e −πκ 0 ≪ 2πτ/τ 0 , we obtain
If the condition,
is satisfied, one has P gs ≈ 1. From (45), we obtain the following rough estimate of the computational time for NQA:
Thus, while the Hermitian QA has complexity of order N 2 , the NQA has complexity of order ln N, which is much better. As one can see, there exists the optimal choice of the parameter α, namely, α = π/4 (or δ = g), that minimizes the annealing time yielding τ ≈ (g/J) ln(N/π). For δ ≪ g the annealing time can be estimated as, τ ≈ (g 2 /(δ J)) ln(N/π), and for δ ≫ g we obtain, τ ≈ (δ /J) ln(N/π).
In Figs. 2, the results of numerical simulation are demonstrated for N = 64, 256, 512, 1024 qubits (g = 10, τ = 500). As one can see, for δ ∼ g, the probability to stay in the ground state at the end of evolution is: P gs ≈ 1. However, for δ ≪ g and δ ≫ g, the probability to stay in the ground state significantly decreases.
Our theoretical predictions are confirmed by the results of our numerical calculations performed for N = 1024 qubits, and presented in Figs. 3, 4 , and 5. For the Hermitian QA, the long wave modes with ϕ k ≪ π/4 are excited (see Fig. 3 ). For δ g, one can observe that while short wavelength excitations are essential at the critical point, at the end of the evolution their contribution to the transition probability from the ground state to the first excited state is negligible. However, for δ ≫ g, the contribution of the shortwave excitations is important, and this results in violation of the adiabatic theorem.
Defects formation
During the QA, the system does not stay always in the ground state at all times. At the critical point, the system becomes excited, and its final state is determined by the number of defects (kinks). To evaluate the efficiency of the QA one can calculate the number of defects. Then, the computational time is the time required to achieve the number of defects below some acceptable value. Following [37] , we define the operator of the number of kinks aŝ
The final number of kinks is equal to the number of quasiparticles excited at the end of the evolution: N = Ψ τ |N |Ψ τ . Using Eq. (36), we obtain 
where P gs k (τ) is given by Eq. (38) . In Fig. 6 , the dependence of the density of defects on decay parameter, δ , and annealing time, τ, is presented. As one can see, even moderate dissipation essentially decreases the number of defects in the system.
In the thermodynamic limit (N ≫ 1) the sum in Eq. (48) can be replaced by The integral, and we obtain for the density of kinks the following expression:
In the limit 2Jτ/|g + iδ | ≫ 1, only the long wavelength modes yield the main contribution, and one can use the Gaussian approximation to calculate the integral. By performing the integration, one obtains [16] (a) (b) 
where,
denotes the density of kinks for the Hermitian LZ problem [37] , and Φ(x, a, c) is the Lerch transcendent [38] . The approximated formula (50) is good enough for δ g (see the inset in Fig. 6 ).
Superradiance and NQA
The NQA is naturally related to the ST. Indeed, in this case the whole process of quantum annealing is described by the non-Hermitian Hamiltonian. Then, the discrete energy states of the qubit register interact with the continuum spectra (sink) of the auxillary Hamiltonian. Usually, the ST takes place in this kind of systems when the neighboring resonances start to overlap. This means that the sum of the half-widths of the neighboring complex eigenstates is equal or exceeds the distance between these eigenstates. In this case, the segregation of the eigenstates takes place: the eigenstate with the wide width (fast decaying) is called the "superradiant" state, and the eigenstate with the narrow width (long-leaved) is called the "subradient" state. The fast decay into a continuum is usually provided by the superradiant states. The details can be found in [19, 20, 21, 22, 23, 24, 25, 26, 27] (see also references therein). In application to the NQA, the situation with the ST becomes more complicated mainly because of the time-dependence of the non-Hermitian Hamiltonian. In as the function of the decay rate δ and ϕ in the thermodynamic limit, calculated at the exceptional point: ϒ 1 (red surface) and ϒ 2 (cyan surface). Choice of parameters: J = 0.5, g = 10, τ = 500.
the NQA, one starts with the large interaction between the quantum register and the continuum (relatively large δ ) . This means that the initial regime of the NQA is a superradiant one. In the process of NQA, the effective interaction between the quantum register and the continuum decreases, and becomes zero at the and of the computation. So, the system transforms from the superradiant regime (non-Hermitian) to the Hermitian one when the superradiance is absent.
To describe the ST, it is convenient to set, ε α = E α − iϒ α (α = 1, 2), where, E α = ℜẼ α , and ϒ α = −ℑẼ α is the half-width of the resonance, α. We denote: ε 1 = ε + (k,t) and ε 2 = ε − (k,t), the eigenenergies being ε ± (k,t) = −ε 0k (t) ± ε k (t).
The results of our numerical simulations of the ST are presented in Figs. 7 and 8. As was mentioned above, these results demonstrate the relations between the NQA and the SR.
Conclusions
The approach presented in this paper, is related to application of NQA to the ferromagnetic Ising spin chain. We have chosen an auxiliary Hamiltonian in such a way that the total Hamiltonian is non-Hermitian. At the end of evolution the nonHermiticity vanishes. Then, when the annealing is completed, the system is governed by the Hermitian Hamiltonian. The NQA significantly reduces the time required to find the ground state of the system, leading to the annealing time, τ ∼ ln N, where N is the number of spins (qubits), which is much better than annealing time of Hermitian QA (τ ∼ N 2 ). We demonstrated that the NQA is related to the ST in this system. At the beginning of the NQA, the system is in the superadient state. At the end of the NQA, the total Hamiltonian becomes a Hermitian one, and the superradiance is absent. We would like to mention that because of the time-dependence of the total non-Hermitian Hamiltonian, a more detailed analysis of the relation between the NQA and the ST is required.
